Abstract. Motivated by the classical notion of frame sets and their characterization, we develop a notion of Heisenberg frame sets in the dual of the Heisenberg group by means of invariant multiplicity one subspaces. We prove a characterization of Heisenberg frame sets that is precisely analogous to the characterization of classical frame sets. In the process we obtain a necessary condition for general frame vectors of Weyl-Heisenberg systems.
introduction
A Parseval frame (mother-) wavelet on R is a function ψ for which {2 j/2 ψ(2 j ·−k) : j, k ∈ Z} is a Parseval frame for L 2 (R). A measurable subset of R is called a frame set if its characteristic function is the Fourier transform of a Parseval frame wavelet. When R is replaced by the Heisenberg group N -or any connected nilpotent Lie group -one can consider discrete families of translations and dilations: translations by a discrete co-compact subset of N and dilations that are N -automorphisms. Thus it is natural to consider wavelet systems in this context as well, and various constructions have been given for wavelet frames. For instance, in [8] , multiresolution analysis on stratified Lie groups is used to obtain a wavelet orthonormal basis for L 2 (N ) generated by finitely many C N wavelets, arising from a generalized splinesurface space. Nearly tight wavelet frames on stratified Lie goups are obtained in [6] by a multiplier and sub-Laplacian theory via a single Schwartz wavelet with many vanishing moments or a compactly supported smooth wavelet with arbitrarily many vanishing moments. In [9] , a Shannon-type multiresolution analysis is constructed and used to produce a (single) band-limited Parseval frame wavelet for L 2 (N ).
Since the dual spaceN of N is canonically identified (almost everywhere) with Λ = R \ {0}, it is also natural to consider the possibility of a notion of frame sets in Λ. However, since the Fourier transform is operator-valued, any attempt to make such a formulation must encounter conceptual obstructions. In this paper we show that frame sets can be usefully defined in Λ by considering a class of invariant subspaces of L 2 (N ) where some of these obstructions can be avoided while others are overcome.
In Section 1 we introduce the class of invariant multiplicity one subspaces of L 2 (N ); "invariant" here means invariant under both Heisenberg group left translations and automorphic dilations. Given any such subspace H, and any positive numbers α and β, we consider a unitary wavelet system U(α, β, H) of discrete translations and dilations. The fact that H is mulitplicity one means that the operatorvalued Fourier image of H reduces to the function space K = L 2 (Λ × R), where the Plancherel measure |λ|dλ on Λ is used. With this reduction the unitary wavelet system U(α, β, H) is equivalent with a Weyl-Heisenberg wavelet system U(α, β, χ) on K.
In Section 2 we study the resulting unitary system on K, first by considering the Weyl-Heisenberg system without dilations. Given any measurable subset I of Λ, these operators restrict to L 2 (I × R). Using a concrete version of [5, Proposition 6 .11], we show that when α and β are integers, the function β 1/2 1 I×[0,α] is a Parseval frame vector for the restricted system T (α, β, I) if and only I is translation congruent to a subset of [0, 1] , and I ⊂ [−1/αβ, 1/αβ]. (This second boundedness condition is expected in light of [5, Corollary 6.6 ]; see also [5, Remark 6.10 .1].) We then introduce "projective" 2-dilations on K -the usual 2-dilation is combined with a unitary multiplier χ -which we then combine with T (α, β, I) to form the wavelet system U(α, β, χ) on K. We show that for any subset I of Λ, if I is dilation congruent to the Shannon set, then any function g supported on I × R that is a Parseval frame vector for the restricted system T (α, β, I) on L 2 (I × R) is also a Parseval frame vector for U(α, β, χ) on K. Thus if we assume that I ⊂ [−1/αβ, 1/αβ], I is dilation congruent to the Shannon set, and that I is translation congruent to a subset of [0, 1] , then the function β 1/2 1 I×[0,α] is a Parseval frame vector for U(α, β, χ), and for any invariant multiplicity one subspace H, if ψ ∈ H reduces to β 1/2 1 I×[0,α] in K, then ψ is a Parseval frame wavelet for H.
We begin Section 3 by proving a precise analogue of [2, Theorem 3.3.1], showing that any U(α, β, 1)-frame vector is weakly admissible for the quasi-regular representation of the dilated Heisenberg group: its continuous wavelet transform is a bounded map with bounded inverse. Another consequence of this theorem is the necessity of dilation congruence: if β 1/2 1 I×[0,α] is a Parseval frame vector for U(α, β, 1), then I is dilation congruent with the Shannon set. This in turn implies that if 1 I×[0,1] is a Parseval frame vector for the dilated integer lattice system U(1, 1, 1), then for any positive numbers α and β with I ⊂ [−1/αβ, 1/αβ], and for any unitary multiplier χ, β 1/2 1 I×[0,α] is a Parseval frame vector for the dilated WeylHeisenberg system U(α, β, χ). This motivates the definition of Heisenberg frame set given in subsection 3.2: we say that I is a Heisenberg frame set if 1 I×[0,1] is a Parseval frame vector for U (1, 1, 1) . In Section 3.2, we show that Heisenberg frame sets are characterized just as in [7, Theorem 5.4] , and are also characterized in terms of Parseval frame vectors in invariant multiplicity one subspaces H for arbitrary systems U(α, β, H).
Since the present work might be of interest both to representation theorists and wavelet theorists, we shall include an expanded description of some preliminary notations.
preliminaries
A system {ψ j } j∈J of functions in a separable Hilbert space H is a Parseval frame (or normalized tight frame) for H if
Following [7] , we use the term unitary system to refer to a countable family of unitary operators on a Hilbert space H. If U and V are unitary systems on Hilbert spaces H and K respectively, then we say that U and V are equivalent if there is an isomorphism V :
A vector ψ ∈ H is a Parseval frame vector for a unitary system U if the set {U ψ : U ∈ U } is a Parseval frame for H. If ψ is a Parseval frame vector for U and U is equivalent with V via the isomorphism V , then V ψ is a Parseval frame vector for V. Let I and J be Lebesgue measurable subsets of R. We shall say that I is a dilation congruent to J if there exists a measurable bijection φ 1 : I → J of the form φ 1 (λ) = 2 j(λ) λ where j(λ) is an integer-valued function on I. We shall say that I is a translation congruent to J if there is a measurable bijection φ 2 : I → J of the form φ 2 (λ) = λ + k(λ), where k(λ) is an integer-valued function on I. We shall identify subsets of R whose symmetric difference is Lebesgue-null; in particular sets whose intersection is null are said to be disjoint. Recall that I is dilation congruent to Shannon set We use the following realization of the Heisenberg group N : as a topological space N is identified with R 3 , and we let N have the group operation
For a > 0 and x ∈ N define the dilation of x by a with
is an irreducible unitary representation of N , the so-called Schrödinger represention. Recall that the family {π λ : λ ∈ Λ} consists of pairwise inequivalent representations and can be regarded as a non-commutative "frequency domain" for N in the following sense. For φ ∈ L 2 (N ) ∩ L 1 (N ) and λ ∈ Λ, the weak operatorvalued integral
defines a trace-class operator on L 2 (R). The Plancherel theorem for N says that F extends to a unitary isomorphism of L 2 (N ) with the Hilbert space L 2 Λ, HS(L 2 (R)), |λ|dλ of all (equivalence classes of) Hilbert-Schmidt operator-valued functions on Λ. For simplicity we shall use the notation Fφ =φ, and we put
Define the unitary dilation operator on L 2 (N ) by
For any a > 0, φ ∈ L 2 (N ), we have (for a.e. λ)
where, for f ∈ L 2 (R) and a > 0,
Let H be a closed subspace of L 2 (N ); we say that H is translation invariant if T x (H) ⊂ H holds for all x ∈ N . We will study translation invariant subspaces by means of certain fundamental notations from abstract harmonic analysis; we now present a brief description these notations.
Let H and K be two Hilbert spaces. If η and ζ are elements in H and K respectively, then η ⊗ ζ is the rank-one linear operator defined on K into H as follows:
When ζ is regarded as belonging to the C-linear dual K of K, the Hilbert tensor product H ⊗ K is the Hilbert space of all Hilbert-Schmidt operators A : K → H, and is the completion of the pre-Hilbert space consisting all finite linear combinations of the operators η ⊗ ζ. Given bounded linear operators T 1 and T 2 on H and K respectively, then T 1 ⊗ T 2 is a bounded linear operator on H ⊗ K defined by
If {H α } is a measurable field of Hilbert spaces over a measurable space A and µ is a measure on A, then the direct integral
is decomposable if for a.e. α ∈ A, there is a bounded linear operator T α on H α such that T {f α } = {T a f a }, and we write T = {T α } α∈A . In particular, we have
.4] for the details concerning tensor products and direct integrals. Now let P be an orthogonal projection on L 2 (N ) whose range is a translation invariant subspace H. Then P commutes with the operators T x , x ∈ N , and hence P belongs to the von-Neumann algebra generated by the right translation operators. By where, for a.e. λ,P λ is an orthogonal projection on L 2 (R), and the measurable field {P λ } λ∈Λ is unique up to a.e. equality. This means that
where
We say that a closed subspace H of L 2 (N ) is multiplicity one if it is translation invariant and m H (λ) = 1 a.e.. Let H be a multiplicity one subspace of L 2 (N ), P the projection onto H, and let {P λ } be the associated measurable field of projections as in (1.6). We have a measurable vector field e = {e λ } λ∈Λ with each e λ a unit vector in L 2 (R), such thatP λ = e λ ⊗ e λ and K λ = Ce λ . Thus (1.7) can be written as
where e λ is regarded as an element of L 2 (R). Hence H is isomorphic with the Hilbert space
Note that we can also writeη = {f λ ⊗ e λ } and V e η(λ) = f λ . The definition of V e depends upon the choice of the unit vector field e = {e λ }. We shall call V e the reducing isomorphism for H associated with the vector field {e λ }. Note that if e ′ = {e ′ λ } is another measurable unit vector field for which (1.8) holds, then there is a measurable unitary complex-valued function c(λ) on Λ such that e ′ λ = c(λ)e λ holds for a.e. λ. Hence if V e and V e ′ are the associated reducing isomorphisms, then V ′ • V −1 is just the unitary multiplication operator on K associated with c(λ).
frame vectors for dilated weyl-heisenberg systems
It will be convenient to identify K with L 2 (Λ × R, |λ|dλdt) in the obvious way. Note that if I is any Lebesgue measurable subset of Λ and J any measurable subset of R, then I × J will be assumed to have the measure |λ|dλdt, unless it is explicitly indicated otherwise. For real numbers k, l, and m, define the unitary operatorT k,l,m on K byT
Note that for any measurable subset I of Λ, the subspace L 2 (I ×R) is invariant under the operatorsT k,l,m ; denote the restriction ofT k,l,m to this subspace byT k,l,m | I . For positive numbers α and β, define the Weyl-Heisenberg system
and for a measurable subset I of Λ, the restricted system is T (α, β,
2.1. Parseval frame vectors for restricted systems. For λ ∈ Λ fixed,T k,l,0 defines a unitary operator on L 2 (R) in the obvious way which we denote byT λ k,l ; set T (α, β, λ) = {T λ k,l : (k, l) ∈ α, β}. We will also use the notation g k,l,m =T k,l,m g. For a measurable subset I ⊂ [0, 1], the next lemma characterizes all Parseval frame vectors for restricted unitary systems T (α, β, I) in terms of Parseval frame vectors for T (α, β, λ).
Lemma 2.1. Let I be translation congruent to a measurable subset of [0, 1], and let g be an element of K such that supp(g) ⊂ I × R. Then the following are equivalent.
(i) For a.e. λ ∈ I, |λ| 1/2 g(λ, ·) is a Parseval frame vector for the unitary system
(ii) g is a Parseval frame vector for the unitary system T (α, β, I) on L 2 (I × R).
Proof. Let f be a function belonging to L 2 (I × R). Then for a.e. λ ∈ I, f (λ, ·) is square integrable on R, and if (i) holds, then
holds for a.e. λ ∈ I, where
and in particular, each
Hence we have
Combining the preceding with (2.1) we get
On the other hand, suppose that (ii) holds, so that for any f ∈ L 2 (I × R), we have
Since I is translation congruent to a subset of [0, 1], functions on I that are squareintegrable with respect to Lebesgue measure have a Fourier series expansion in terms of the exponentials e 2πimλ . Now (2.2) shows that λ → f (λ, ·), g k,l,0 (λ, ·) |λ| is integrable with square integrable Fourier coefficients
2) and the Parseval identity for Fourier series shows that
holds. Let B be any Lebesgue measurable subset of I, and let
and so by (2.3),
The claim follows. Now let D be a countable subset of
For f ∈ D we have
and since {f (λ, ·) : f ∈ D} is dense in L 2 (R), it follows that T λ is an isometry. This means that for each λ ∈ C, {|λ| 1/2 g k,l,0 (λ, ·) : k, l ∈ Z} is a Parseval frame for L 2 (R), and the proof is finished.
The preceding result is illustrated by a fundamental family of functions, which will be used to formulate our notion of frame set.
is a Parseval frame for L 2 (R). Fix any λ ∈ I and for l ∈ βZ put e λ l (t) = e −2πiλlt . For f ∈ L 2 (R), k ∈ αZ, l ∈ βZ, we have
Since
Thus the claim is proved and by Lemma 2.1, the system {g k,l,m : k ∈ αZ, l ∈ βZ, m ∈ Z} is a Parseval frame for L 2 (I × R). Now suppose that the system {g k,l,m : k ∈ αZ, l ∈ βZ, m ∈ Z} is a Parseval frame for L 2 (I × R), and that α and β are integers. We first show that I is translation congruent to a subset of [0, 1] . To begin with, observe that the system {g 0,l,m :
, if k ∈ αZ is non-zero, then f, g k,l,m = 0, and so
Now suppose that I is not a translation congruent to a subset of [0, 1] . Then there exists a measurable subset E in I such that E ∪ E + 1 ⊂ I. We aim to show that the each of the functions g 0,l,m are orthogonal to the non-zero function
, which will contradict the preceding observation.
For any l ∈ βZ, m ∈ Z, since the function 1 E∪E+1 , and hence 1 I , is a 1-periodic function on the subset E, we have
where we have used the fact that α and l are integers in the last step. Next, we claim that if {|λ| 1/2 g k,l,0 (λ, ·) : k ∈ αZ, l ∈ βZ} is a Parseval frame for
Hence if {|λ| 1/2 g k,l,0 (λ, ·) : k ∈ αZ, l ∈ βZ} is a Parseval frame for L 2 (R), then the system {t → |λβ| 1/2 e −2πiλlt : l ∈ βZ} is a Parseval frame for L 2 ([0, α]). But in that event the norms of the functions {t → |λβ| 1/2 e −2πiλlt : l ∈ βZ} in L 2 ([0, α]) must be no more than one, and the claim follows. Now since we have already shown that I is translation congruent to a subset of [0, 1], then we can invoke Lemma 2.1, and it follows that I ⊂ [−1/αβ, 1/αβ]. This completes the proof.
2.2.
Parseval frame vectors for invariant multiplicity one subspaces. Recall our notations from Section 1; in the remainder of this section we shall consider the dilation operators on the subspaces K (1.9) that arise from dilations D a via reducing isomophisms.
Definition 2.
3. An invariant multiplicity one subspace of L 2 (N ) is a multiplicity one subspace that is invariant under the dilations D a , a > 0
For j ∈ Z, set D j = D 2 j and for positive numbers α and β define the unitary wavelet system U(α, β) on L 2 (N ) by
An invariant multiplicity one subspace H is obviously invariant under the operators in U(α, β) and the corresponding restricted unitary system is denoted by U(α, β, H). Now given a reducing isomorphism, we obtain an equivalent unitary system on K. It is this equivalent system that we will be studying in Proposition 2.5. We have the following. Lemma 2.4. Let H be an invariant multiplicity one subspace of L 2 (N ), and choose a measurable unit vector field {e λ } λ∈Λ such that (1.8) holds. Then for each a > 0, there is associated with H and {e λ } a measurable unitary function χ a : Λ → T such that
C a e λ = χ a (λ)e aλ holds for a.e. λ. Moreover, the map a → χ a is a homomorphism.
Proof. Fix a > 0. For each λ putP λ = e λ ⊗ e λ , so that (1.6) holds. SetQ λ := C −1 aPaλ C a , λ ∈ Λ, and define the operator Q on L 2 (N ) bŷ
Using the relation (1.3), it is straightforward to check that Qη = η for all η ∈ H and Qη = 0 for all η ∈ H ⊥ ; hence Q = P and by the uniqueness of the decomposition (1.6), we have a co-null subset E a of Λ such that for all λ ∈ E a ,Q λ =P λ . Let S = {λ ∈ Λ :P λ = 0} and fix λ ∈ E a ∩ S. Then for each f ∈ L 2 (R) we have
a e aλ =Q λ f =P λ f = f, e λ e λ . Set χ a (λ) = C a e λ , e aλ for λ ∈ E a ∩ S and χ a (λ) = 0 otherwise. Putting f = e λ in the preceding we find that for λ ∈ E a ∩ S,
Since e λ is a measurable vector field and χ a (λ) = C a e λ , e aλ holds for a.e. λ, then (by putting χ a (λ) = 0 for all λ / ∈ E a ∩ S), χ a determines a unique (up to a.e. equality) measurable function. Now let a and b be positive numbers. For all λ belonging to the co-null set
Given an invariant multiplicity one subspace and with reducing isomorphism V , observe that (2.4) determines the family χ = {χ a : a > 0} of unitary functions uniquely (up to a.e. equality), and we call it the multiplier associated with the reducing isomorphism V .
Suppose we are given a family χ = {χ a : a > 0} of measurable unitary functions on Λ such that χ a −1 = χ a . Define the unitary dilation operatorsD 
We call such a unitary system of the form above a Weyl-Heisenberg wavelet system with multiplier χ. The following shows that Parseval frame vectors for WeylHeisenberg wavelet systems correspond to frame wavelets for invariant multiplicity one subspaces of L 2 (N ). Proposition 2.5. Let H be an invariant multiplicity one subspace of L 2 (N ), and let V : H → K be a reducing isomorphism with associated multiplier χ. Then for each a > 0 and x ∈ N the following diagram commutes:
and hence the unitary system U(α, β, H) is equivalent to the Weyl-Heisenberg wavelet system U(α, β, χ) via the isomorphism V .
Proof. In order to prove the commutativity of the diagram, we shall first show how the isomorphism V interwines with dilation and translation operators. For this, let η ∈ H. For each x ∈ N we have
For a > 0, we again use equation (1.3) ; for a.e. λ,
This completes the proof for the commutativity of diagram (2.5).
LetÛ(α, β, χ) be a Weyl-Heisenberg wavelet system, and let I be a measurable subset of R that is dilation congruent to the Shannon set I 0 , so that R =∪ j∈Z 2 j I.
Hence we have the following. Proposition 2.6. Let I be a measurable subset of Λ that is dilation congruent to I 0 and let α and β be any positive numbers. Let g be an element of K with supp(g) ⊂ I × R and assume that g is a Parseval frame vector for the unitary system T (α, β, I) on L 2 (I × R). Then g is a Parseval frame vector for the Weyl-Heisenberg wavelet systemÛ(α, β, χ) on K.
Proof. Let f ∈ K; since g has support in I × R we have
Now combine the preceding with equation (2.6).
The results of this section obtain the following family of elementary Parseval frame vectors. With Proposition 2.5, we transfer these results to the invariant multiplicity one subspaces of N .
Corollary 2.8. Let H be any invariant multiplicity one subspace of L 2 (N ), and let V be a reducing isomorphism for H. Let α and β be any positive numbers. If I is dilation congruent to I 0 , then we have the following.
(a) For g ∈ K with supp(g) ⊂ I × R, if g is a Parseval frame vector for the unitary systemT (α, β, I) on L 2 (I ×R), then V −1 g is a Parseval frame vector for the wavelet system U(α, β, H). Proof. Let χ be the multiplier for V . By Proposition 2.5, the system U(α, β, H) is equivalent to U(α, β, χ) via V . Now (a) follows from Proposition 2.6 and (b) follows from Corollary 2.7.
Let H be an invariant multiplicity one subspace of L 2 (N ), let V be a reducing isomorphism for H, and let α and β be any positive numbers. Let us say that a function ψ ∈ H is an elementary (mother) wavelet if ψ is a Parseval frame vector for the wavelet system U(α, β, H) and V ψ = β 1/2 1 I×[0,α] .
characterization of elementary wavelets and frame sets
The goal of the present section is two-fold: to establish an admissibility condition that is necessary for frame vectors of Weyl-Heisenberg wavelet systems, and to characterize elementary wavelets in terms of a notion of frame sets. We begin with the former.
3.1. A necessary condition. Let G denote the semi-direct product N ⋊ H of N by the multiplicative group H of positive real numbers, where H acts on N by the dilations defined in (1.1). Recall that a left Haar measure is given on G by a −3 dxda. Let τ be the quasiregular representation of G acting in
Observe that the invariant multiplicity one subspaces of L 2 (N ) are τ -invariant; indeed, the restriction of τ to H is a direct sum of two (non-isomorphic) irreducible representations ρ + and ρ − of G.
Now let H be an invariant multiplicity one subspace and choose a reducing isomorphism V for H with multiplier χ. Then we have seen that V τ (x, a)| H V −1 =T xD χ a . (See diagram (2.5) .) Now as is well-known (see for example [1] ), there are non-zero functions ψ ∈ L 2 (N ) such that for every φ ∈ L 2 (N ), (x, a) → φ, τ (x, a)ψ belongs to L 2 (G). It is easily seen that projections of such functions to H have the same property. Via the isomorphism V , it follows that we can choose a non-zero h ∈ K such that for every f ∈ K,
and the linear function
a h is bounded. Now it is straightforward to construct an invariant multiplicity one subspace with reducing isomorphism whose multiplier χ is trivial: χ a (λ) = 1 for all a > 0, λ ∈ Λ (see for example [1] or [9] ). For the purposes of this section we assume that this is the case, and we putD a =D χ a . Define the linear operator C on K by the weak operator-valued integral Proof. For f ∈ K and (x, a) ∈ G we have
showing that C is positive. Let {f n } be an orthonormal basis for K. Then for each (x, a) ∈ G we have
We are now ready to prove the following analogue of [2, Theorem 3.3.1].
Theorem 3.2. Let g be a frame vector for the Weyl-Heisenberg wavelet system U(α, β, 1) with frame bounds A, B. Then
Proof. We prove the first equality; the proof of the second is similar. Choose a function h as above so that W h is bounded, and so that supp(h) ⊂ (0, ∞) × R. For ease of notation we write g jklm =D jTk,l,m g. We compute that
Now let c(x, a) be defined for 1 ≤ a ≤ 2 by
where w(s) = δ e −(δπs) 2 , and c = 0 otherwise.
So we can write 
where |ρ 3 (x 3 + kx 2 , a)| ≤ δ holds for all k, x 2 , x 3 , and a. Similarly
where |ρ 2 (x 2 , a)| ≤ δ and |ρ 1 (x 1 , a)| ≤ δ hold for all x 1 , x 2 and a. We apply (3.1) to the expression S: we have
Now applying (3.2) and (3.3), we get
where R = R 12 + R 3 and
Now since C is a positive trace class operator on K and {g jklm : j ∈ Z, k ∈ αZ, l ∈ βZ, m ∈ Z} is a frame for K with frame bounds A ≤ B, then we have
In particular, note that this implies that the function (x, a) → g,T xDa h 2 is integrable with respect to the measure a −1 dxda. Now let φ and ψ be the preimages in H of g and h. A standard calculation (see for example [1, equation (2.1)]) shows
where the norm in the last integral is the Hilbert-Schmidt norm. Nowφ(λ) = g(λ, ·) ⊗ e λ ,ψ(λ) * = e λ ⊗ h(λ, ·). It follows that for a.e. λ,
Recalling that h is supported on (0, ∞) × R, we see that (3.5) vanishes when λ < 0 and so
and so
But we have seen that (x, a) → g,T xDa h 2 is integrable over (0, ∞) × N with respect to both of the measures a −1 dxda and a −3 dxda and hence for any 1 < p < 3, it is integrable with respect to the measure a −p dxda. So
Hence I → 0 as δ → 0, and
But by Lemma 3.1,
and the desired result obtains.
The following is immediate in light of [1, Proposition 2.6].
Corollary 3.3. Let ψ belong to an invariant multiplicity one subspace H. If ψ is a Parseval frame vector for the unitary system U(α, β, H), then
ψ is an admissible vector for the corresponding subrepresentation τ H of τ .
3.2.
Frame sets. We shall begin this subsection by stating the following lemma which has a central role in obtaining the main results of the present work. Proof. To show (a), we first observe that R = ∪ j∈Z 2 j I. Otherwise, we would have a measurable J ⊂ R of finite (non-zero) measure such that J ∩ ∪ j∈Z 2 j I = ∅. Then for all integers j, k, l and m, It follows that I = K and the claim is proved. Now by virtue of (a) we have that 1 I×[0,1] is a Parseval frame vector for the system T (1, 1, 1) on L 2 (I × R). By Proposition 2.2, we have that I is translation congruent with a subset of the unit interval and that I ⊂ [−1, 1], and by Corollary 2.7, the lemma follows.
The preceding result suggests a definition for frame sets in our setting that is analogous to the definition of frame sets for Euclidean spaces. Finally, suppose that (iii) holds. A standard construction already mentioned in the text preceding Lemma 3.1 obtains a multiplicity one subspace H with reducing isomorphism whose unitary multiplier is identically one. Taking α = β = 1 also, we have that V −1 1 I×[0,1] is a Parseval frame vector for U (1, 1, H) , and hence that
